The purpose of this paper is to deal with general Dirac structures of an omni-Lie algebroid E = DE ⊕ JE for a vector bundle E. The main result is that there is a one-to-one correspondence between reducible Dirac structures of E and projective Lie algebroids in T M ⊕E. Some properties of a Dirac structure are also discussed including its normalizer, deformation and cohomology.
Introduction
The present paper is a continuation of a previous work [4] , where a generalized Courant algebroid structure is defined on the direct sum bundle DE ⊕ JE, where DE and JE are the gauge Lie algebroid and the jet bundle of a vector bundle E respectively. Such a structure is called an omni-Lie algebroid since it reduces to the omni-Lie algebra introduced by A. Weinstein if the base manifold is a point [20] . The omni-Lie algebra can be regarded as the linearization of the Courant algebroid structure on T M ⊕ T * M at a point, which is studied from several aspects recently ( [2] , [10] , [17] ).
It is well known that the theory of Dirac structures has wide and deep applications both in mathematics and physics (e.g., see [1] , [3] , [7] , [8] , [9] , [19] ). In [4] , only some special Dirac structures were studied, where we proved that there is a one-to-one correspondence between Dirac structures coming from bundle maps JE → DE and Lie algebroid (local Lie algebra) structures on E when rank(E) ≥ 2 (E is a line bundle).
The purpose of this paper is to deal with general Dirac structures of an omni-Lie algebroid. We will define a projective Lie algebroid in T = T M ⊕ E to be a subbundle A ⊂ T , which is also a Lie algebroid whose anchor is the projection from A to T M . A Dirac structure L ⊂ E is called reducible if b(L) is a regular subbundle of T . The main conclusion is Theorem 3.6, which claims a one-to-one correspondence between reducible Dirac structures in E and projective Lie algebroids in T . We will see that the projection of a reducible Dirac structure L to T yields a projective Lie algebroid b(L) and, conversely, a projective Lie 0 Keywords: gauge Lie algebroid, jet bundle, omni-Lie algebroid, Dirac structure, local Lie algebra, reduction, normalizer, deformation.
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algebroid A ⊂ T can be uniquely lifted to a Dirac structure L A by means of a connection in E.
Furthermore, by using the falling operator (·) • , we can also establish the relation between the set of Lie derivations Der(A) of a projective Lie algebroid A, which is contained in Γ(DA), and the normalizer N L A of the corresponding lifted Dirac structure L A . We prove that for any X ∈ N L A , we have X • ∈ Der(A). Conversely, any δ ∈ Der(A) can be lifted to an element in N L A . Another observation is that for a Dirac structure L ⊂ E, there is a natural representation of L on E, namely ρ L : L −→ DE (Proposition 2.5). So there is an associated cohomology group H
• (L, ρ L ). We will see that the normalizer of L is related with H 1 (L, ρ L ) and the deformation of L is related with H 2 (L, ρ L ). The paper is organized as follows. In Section 2 we recall some basic properties of an omni-Lie algebroid. In Section 3 the main result is given by showing the correspondence between Dirac structures and projective Lie algebroids. In Section 4 several examples are discussed. In Section 5 we study the relation between the normalizer of the reducible Dirac structure L A and Der(A). In Section 6 we give some applications of the related cohomologies of Dirac structures.
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Omni-Lie algebroids
Throughout the paper, E → M denotes a vector bundle E over a smooth manifold M , which is not a zero bundle. d :
is the usual deRham differential of forms on M . m is an arbitrary point of M . Denote T M ⊕ E by T . pr E and pr T M are the projection from T to E and T M respectively.
First let us briefly review the notion of an omni-Lie algebroid defined in [4] , which is a generalization of an omni-Lie algebra defined by A. Weinstein in [20] . Given a vector bundle E, let JE be the 1-jet bundle of E ( [16] ) and DE be the gauge Lie algebroid of E. There are two exact sequences, namely the jet sequence of E:
and the Artiyah sequence:
The embedding maps and in the above two exact sequences will be ignored when there is no risk of confusion. It is well known that DE is a transitive Lie algebroid over M , with the anchor α as above ( [11] ). The E-duality between two vector bundles is defined as follows.
Definition 2.1. Let A and E be two vector bundles over
It is easy to see that B is an E-dual bundle of A if and only if A is an E-dual bundle of B. An important fact shown in [4] is that JE is an E-dual bundle of DE with some nice properties. In fact, we have a nondegenerate E-pairing ·, · E between JE and DE:
Moreover, this pairing is C ∞ (M )-linear and satisfies the following properties:
An equivalent expression is that we can define JE by DE, i.e., for any m ∈ M ,
Conversely, DE is also determined by JE:
To this representation, we can associate a cochain complex i≥0 Ω i (A, E) = i≥0 Γ(Hom(∧ i A, E)) with the coboundary operator
defined in the usual way [15] . Since DE is a Lie algebroid, there is a natural cochain complex structure of Ω
, with the coboundary operator mentioned as above, but denoted by
:
For any u ∈ Γ(E), u ∈ Ω 1 (DE, E) is a section of JE. Furthermore, we have
Γ(JE) is an invariant subspace of the Lie derivative L d for any d ∈ Γ(DE), which can be defined by the Leibnitz rule as follows:
is called an omni-Lie algebroid, where E = DE ⊕ JE, ρ is the projection from E to DE, {·, ·} and (·, ·) E are defined as follows: 
We are also easy to obtain the following equalities:
For a subbundle S ⊂ E, S ⊥ is the set
S is isotropic with respect to (·, 
For T = T M ⊕ E, we have the standard decomposition
The following exact sequence will be referred as the omni-sequence of E.
where the maps a and b are defined respectively by
We regard Hom(T , E) as a subbundle of E and omit a. Evidently, Hom(T , E) is a maximal isotropic subbundle of E. In fact, it is a Dirac structure of E and the bracket is given by
In particular, if α = Φ + φ, β = Ψ + ψ, where Φ, Ψ ∈ gl(E), φ, ψ ∈ Hom(T M, E), then
Lemma 2.6. Hom(T , E) is a right ideal of E and for any h ∈ Γ(Hom(T , E)), X ∈ Γ(E), we have
This implies that the bracket of Hom(T , E) and E is fiber-wisely defined.
Proof. For any X = d + µ ∈ Γ(E) and h = Φ + y ∈ Γ(Hom(T , E)), we have
∈ Γ(Hom(T , E)), which implies that Hom(T , E) is a right ideal of E. Moreover, by some direct computations, we have
which completes the proof.
Dirac Structures and Their Reductions
First let us show some basic properties of maximal isotropic subbundles of E. For a subbundle Q of T , denote by Q 0 ⊂ Hom(T , E) as:
Consequently, if r ≥ 2, both b(L) and b(L) 0 are regular subbundles of T and E respectively.
Proof. By L = L ⊥ , it is not hard to establish the following exact sequence:
Therefore, Proof. For a maximal isotropic subbundle L ⊂ E, let A = b(L). Any split s : A → L of the corresponding exact sequence (9) yields an isotropic section and (A, s) is defined to be the characteristic pair of L. It is well defined since for any two isotopic sections s 1 , s 2 , we have Im(
A is a maximal isotropic subbundle of E whose characteristic pair is (A, s). Furthermore, it is evident that if
Definition 3.4. A projective Lie algebroid structure on a subbundle
A ⊂ T M ⊕ E is a Lie algebroid (A, [·, ·] A , ρ A ) such that ρ A = pr T M | A ,
and in this case A is called a projective Lie algebroid.
The following pull-back Lie algebroid is an example of projective Lie algebroids. 
Sections of T M ⊕ T N A are expressions
The anchor α ! of the Lie algebroid f ! A is the projection to the first summand. The Lie bracket is locally expressed by
Thus by definition, the pull back Lie algebroid f ! A of the Lie algebroid A is a projective Lie algebroid in
is a regular subbundle of T . By Lemma 3.1, any Dirac structure is reducible if rank(E) ≥ 2. As a main result of this paper, the following theorem describes the nature of reducible Dirac structures in the omni-Lie algebroid E. Proof. Assume that L is a reducible Dirac structure, let A = b(L) ⊂ T . Then we have the following exact sequence: 
Note that by equation (4), we have
Hence the above definition does not depend on the choice of X. Next we will split the proof of L A is the unique reducible Dirac structure such that the induced projective Lie algebroid is (A, [ , ] A , ρ A ) into three steps. In
Step (1), we will prove that L
A is a maximal isotropic subbundle such that b(L A ) = A. In
Step (2), we will prove that L A is closed under the bracket { , } and it follows that L A is a reducible Dirac structure such that the induced projective Lie algebroid is (A, [ , ] A , ρ A ). In the last step, we will prove the uniqueness of such Dirac structures.
Step (1) We prove that L A is a maximal isotropic subbundle. We will construct a maximal isotropic subbundle L sγ ,A using a connection γ in the vector bundle E and prove
Then we define a bundle map γ :
So we get a map
We will denote this map by γ. This won't make any confusion since it depends on what is put right after it. Choose an arbitrary subbundle C ⊂ T , such that T = A ⊕ C. Define a bundle map
In fact, for any a = x + u, b = y + v ∈ Γ(A), where x, y ∈ X(M ), u, v ∈ Γ(E), we have,
So we have
For all f ∈ C ∞ (M ), we have
By equations (14) and (15), we have Ω γ ∈ Hom(∧ 2 T , E). We also denote the skew symmetric bundle map from T to Hom(T , E) by Ω γ .
Define an isotropic section s γ : A −→ E by
In fact, for a = x + u, b = y + v ∈ Γ(A), we have
By Theorem 3.3, we get a maximal isotropic subbundle L sγ ,A :
In fact, we can easily check that L sγ ,A does not depend on the choice of a connection γ and a subbundle C. This will be more clear after we prove that
So we have L A ⊂ L sγ ,A . This completes the proof of L A = L sγ ,A and follows that L A is a maximal isotropic subbundle of E.
Step (2) We prove that Γ(L A ) is closed under the bracket operation { , } and it follows that L A = L sγ ,A is a reducible Dirac structure.
Step (3) At last, we give the proof of the uniqueness of such Dirac structures. Assume that there is another reducible Dirac structure L ′ satisfying the same requirements, it suffices to prove that 
Some Examples
Bellow we give some basic examples of Dirac structures in the omni-Lie algebroid.
Example 4.1. For a vector space V , our theorem shows that the omni-Lie algebra gl(V )⊕V characterizes not only all possible Lie algebra structures on V pointed by Weinstein [20] but also all possible Lie algebra structures on any subspace of V by Dirac structures.
Example 4.2. Given a skew-symmetric bundle map λ : DE → JE, its graph
is clearly a maximal isotropic subbundle. Furthermore, we have λ(gl(E)) ⊂ Hom(T M, E),
i.e., Ô λ(Φ) = 0. In fact, for any Φ ∈ gl(E), we have
Since λ is skew symmetric, we have
Let λ : T M −→ E be the induced bundle map of λ. Then we have the following commutative diagram:
Here −λ * is induced by λ| gl(E) , which is given by Φ → −Φ • λ. So we have the following exact sequence:
We have the following three equivalent statements.
1) L b
λ is a Dirac structure.
2) λ = 0, regarding λ as a map DE ∧ DE → E in the obvious sense:
In fact, 1) ⇐⇒ 2) is merely some calculations. 3) =⇒ 2) is trivial. For all r, s ∈ Γ(DE),
which implies that 2) =⇒ 3). Thus, any Dirac structure of the type L b λ is a reducible Dirac structure and totally determined by
which is isomorphic to T M , carrying the standard Lie algebroid structure. 
is clearly a maximal isotropic subbundle of E. L π is a Dirac structure if and only if the following equation holds for all µ, ν ∈ Γ(JE),
where the π-bracket [ , ] π on Γ(JE) is given by:
• rank(E) ≥ 2. In this case, in [4] , we proved that such Dirac structures are in one-toone correspondence with Lie algebroid structures on E. By Lemma 3.1, any Dirac structure is reducible. By Theorem 3.6, for any Dirac structure L π ∈ E, b(L π ) is a projective Lie algebroid. Furthermore, b(L π ) is also a graph and there is an induced Lie algebroid structure on E. In fact, there is also a one-to-one correspondence between Lie algebroid structures (E, [ ·, · ] E , ρ E ) on E and projective Lie algebroids G ρE which is the graph of the anchor ρ E : E → T M , i.e.,
So we conclude that such projective Lie algebroids G ρE are in one-to-one correspondence with Dirac structures of the type L π , which are also graphs.
• rank(E) = 1. For any reducible Dirac structure L π ⊂ E, b(L π ) is a projective Lie algebroid. But in general, it is not a graph and so there is no induced Lie algebroid structure on E. However, there is always local Lie algebra structures on E associated with Dirac structures L π (not necessarily reducible) as proved in [4] .
Example 4.4. Consider the case that A ⊂ T is an arbitrary line bundle, which is naturally a projective Lie algebroid. In fact, for any neighborhood U ⊂ M such that A| U is trivial, i.e., there is a nowhere singular section a = x + u, the Lie bracket of Γ(A| U ) is given by:
It is easy to check that the definition is well defined. Now we study its lifted Dirac structure by (16) in Theorem 3.6. For any connection γ, since A is a line bundle, we have Ω γ (A) ⊂ A 0 . The lifted Dirac structure is given by
We now give the proof that L A does not depend on the choice of the connection γ. For any bundle map θ : T M −→ gl(E), γ + θ is another connection. Write γ + θ = γ + θ, where θ : E −→ Hom(T M, E), see (12) for the notation γ. Then for all y + v ∈ T , we have θ(y)(v) + θ(v)(y) = 0. So we have
Since any connection γ ′ : T M −→ DE can be decomposed as
does not depend on the choice of the connection γ.
Example 4.5. Let H ⊂ T M is an integrable distribution. It is well known that there is some vector bundle E such that the vector bundle F = H ⊕ E is trivial (we suppose that the base manifold M is compact). Let rankF = n and ε 1 , · · · , ε n are everywhere linear independent sections of F , i.e., the frame of F . Write ε i = x i + e i , where x i and e i are sections of H and E respectively. It is clear that H =span{x 1 , · · · , x n } and E =span{e 1 , · · · , e n }. Since H is an integrable distribution, there exist functions c
is easy to see that F is a projective Lie algebroid in T M ⊕ E. Example 4.6. Assume that F ⊂ E is a vector subbundle and (F, [·, ·], ρ F ) is a Lie algebroid. Then G ρF , the graph of ρ F is a projective Lie algebroid. Now we construct the lifted Dirac structure. Evidently, we have
Let L 1 ⊂ E be the set that is generated by elements of the form d
ρF and we get the following exact sequence:
It is clear that L is maximal isotropic. Moreover, for all u, v ∈ Γ(F ), we have [
and it follows that Γ(L) is closed under the bracket operation { , }. Hence L is the lifted Dirac structure.
Example 4.7. We consider a projective Lie algebroid A which is transitive, i.e., ρ A (A) = pr T M (A) = T M . There is a map ϑ : T M → E such that A = G ϑ ⊕ E 0 , where G ϑ is the graph of ϑ and E 0 is a subbundle of E. In this case, E 0 must be a Lie algebra bundle and we denote its Lie bracket by [ , ] 0 . For any x ∈ X(M ), we writex = x + ϑ(x) ∈ Γ(A). There is a suitable connection
So the Lie bracket of Γ(A) can be expressed as
A = G ϑ ⊕ E 0 together with the given data (γ, R) is a Lie algebroid if and only if for all x, y, z ∈ X(M ), u, v ∈ Γ(E 0 ), the following compatible conditions hold
By (14), we have
The lifted Dirac structure, given by Theorem 3.6, can be expressed by (16) . In particular, if A = T = T M ⊕ E (so we can suppose that ϑ = 0), we have:
We note that the above construction of projective Lie algebroids includes a standard type of Lie algebroids, known as a semi-direct-sum. If E is a vector bundle over M which admits a flat connection ∇ : T M → DE, then the direct sum T M ⊕ E has a Lie algebroid structure over M , with the anchor being the projection to T M and the Lie bracket is given by:
The Normalizer of Dirac Structures
In this section, we study the normalizer N L of a Dirac structure L. Using the falling operator, we establish the relation between the normalizer N L of a reducible Dirac structure L and the Lie derivation Der(b(L)) of the projective Lie algebroid b(L).
Definition 5.1. The normalizer N C of a subbundle C ⊂ E is composed of all the sections of E that preserve C from the left side , i.e.,
It is easy to see that the normalizer N C of C is a Leibnitz subalgebra of Γ(E). However, this is not true if we define N C analogously but taking the right action.
For any X ∈ Γ(E), we introduce the falling operator
which is given by
where Y ∈ Γ(E) such that b(Y ) = t. By Lemma 2.6, the definition is well defined. Furthermore, also by Lemma 2.6, for any h ∈ Γ(Hom(T , E)), we have h • = h.
Proposition 5.2. The falling operator (·)
• is a morphism of Leibnitz algebras. Furthermore, for all X ∈ Γ(E), t ∈ Γ(T ), we have
Conversely, for any δ ∈ Γ(DT ) satisfying equation (21), there exists some
Proof. For any X, Y ∈ Γ(E), t ∈ Γ(T ) and Z ∈ Γ(E) such that b(Z) = t, we have
which implies the falling operator (·) • is a morphism of Leibnitz algebras. Write X = d + µ and Z = r + ν, so we have pr T M (t) = α(r). Furthermore, we have
which implies that equation (21) holds. Let δ ∈ Γ(DT ) such that equation (21) holds, denote α(δ) by x. Define χ = pr E • δ, which clearly satisfies
Therefore, χ| X(M) is C ∞ (M )-linear and there is an associated X M ∈ Γ(Hom(T M, E)). Moreover, χ| Γ(E) is a derivation and there is an associated X E ∈ Γ(DE) such that α(X E ) = x. Then the operation of δ can be expressed as
, we claim that X δ • = δ. In fact, for any y + v ∈ Γ(T ) = Γ(T M ) ⊕ Γ(E) and Y = r + ν ∈ Γ(E) such that α(r) = y and Ô(ν) = v, we have
Let A ⊂ T be a projective Lie algebroid. Inn(A) is the set of inner derivations, namely those operators [a, · ] A , for all a ∈ Γ(A). Der(A) is the set of Lie derivations of A, i.e.,
Denote the set of out derivations by Out(A), i.e.,
By Theorem 3.6, there is a unique lifted Dirac structure L A such that A is the quotient Lie algebroid of L A . About the relation between the normalizer N L A and the Lie derivation Der(A), we have
we have the following two exact sequences:
0 / / Γ(A 0 ) i i / / Γ(L A ) i (·) • |A / / Inn(A) i / / 0 0 / / Γ(A 0 ) ⊕ Γ(E) κ / / N L A (·) • |A / / Der(A) / / 0,
where i is the inclusion and for all
Conversely, for δ ∈ Der(A) and x = α(δ) ∈ X(M ), let δ ∈ Der(T ) be an extension of δ, i.e., we have α( δ) = x and δ| Γ(A) = δ. Since the elements of Der(A) satisfy (21), by Proposition 5.2, there is a X e δ = X E + X M such that X e
, it is easy to see that α(X • ) = 0, i.e., α•ρ(X) = 0. So we are able to write
Clearly, { u, · } = 0. By Lemma 2.6, we have (Φ + y) ∈ Γ(A 0 ), which implies that ker(X • | A ) = Γ(A 0 ) ⊕ Γ(E). The others are easy to be checked. The proof of the theorem is completed. Example 5.5. For a reducible Dirac structure L π given in Example 4.3, we consider its normalizer. For u ∈ Γ(E), evidently we have { u, L π } = 0, so it suffices to consider elements of the form d + y ∈ Γ(E), where y ∈ Γ(Hom(T M, E)).
In fact this is the same thing as d(d − π(y)) = 0, where the coboundary operator d is associated with cochain complex Γ(Hom(∧ • JE, E)) and the representation π : JE −→ DE (known as the adjoint representation [5] ). From this we get the following exact sequence:
where B(JE, E) is the set of 1-cocycles and κ, p are given by
The Cohomology of Dirac Structures
By Proposition 2.5, there is a representation ρ L on E for any Dirac structure L ⊂ E.
) is the associated coboundary operator. In this section, we give some applications of the cohomology group H
• (L, ρ L ), including the relation between N L and H 1 (L, ρ L ), the description of Lie bialgebroid using the adjoint representation and the deformation of a Dirac structure, which is related with H 2 (L, ρ L ).
Since 
where Out(A) is given by (22) and X δ is given in Theorem 5.3.
The proof is completed.
Suppose that E and E * are both Lie algebroids with anchors α and α * respectively.
is the Lie algebroid coboundary operator associated with the Lie algebroid structure on E * . So we have d 2 * = 0. (E, E * ) is a Lie bialgebroid if the following equality holds:
For future information on Lie bialgebroids, see [15] and [14] . d * : Γ(E) → Γ(∧ 2 E) can be lifted to a bundle mapd * : JE → ∧ 2 E, defined bŷ
In [4] , we proved that a Lie algebroid structure on E can be lifted to a bundle map π : JE → DE, which is also a representation of the jet Lie algebroid (JE, [·, ·] π , α • π) on E, which is given by π( u)(v) = [u, v] (known as the adjoint representation of a Lie algebroid). So we have an induced tensor representation π of JE on ∧ 2 E given by
Condition (24) means that d * is a 1-cocycle when (E, E * ) is a Lie bialgebra. Similarly, we see that the bundle mapd * given by (25) plays the same role for a Lie bialgebroid. Proof. For any u, v ∈ Γ(E) and f, g ∈ C ∞ (M ), we have the following three formulas which are given in [4] :
Denote the coboundary operator associated with the representation π by D. We have
which implies that (E, E * ) is a Lie bialgebroid if and only ifd * is closed. Furthermore, we have d * = [τ, · ] ⇐⇒d * = Dτ , which implies that (2) holds. (26) is equivalent to the requirement that b * Ω is closed. Since there is a one-to-one correspondence between reducible Dirac structures and projective Lie algebroids, we can associate a deformation of the Dirac structure L A to the deformation of the projective Lie algebroid A. Denote the deformed projective Lie algebroid by A ε , then the deformed Dirac structure L An interesting problem is to consider a deformation Ω which is a coboundary: The rule of the operator X • : Γ(A) → Γ(A) is just like that of a Nijenhuis operator. In general, X • is not a bundle map, but it still induces a twist of the Lie algebroid. Actually, X • is a bundle map if and only if X ∈ Γ(Hom(T , E)) and in this case X • = X| A : A → A ∩ E, which is a Nijenhuis operator if T X vanishes.
